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Abstract—An unsupervised classification algorithm is derived
by modeling observed data as a mixture of several mutually ex-
clusive classes that are each described by linear combinations of
independent, non-Gaussian densities. The algorithm estimates the
data density in each class by using parametric nonlinear functions
that fit to the non-Gaussian structure of the data. This improves
classification accuracy compared with standard Gaussian mixture
models. When applied to images, the algorithm can learn efficient
codes (basis functions) for images that capture the statistically sig-
nificant structure intrinsic in the images. We apply this technique
to the problem of unsupervised classification, segmentation, and
denoising of images. We demonstrate that this method was effec-
tive in classifying complex image textures such as natural scenes
and text. It was also useful for denoising and filling in missing
pixels in images with complex structures. The advantage of this
model is that image codes can be learned with increasing numbers
of classes thus providing greater flexibility in modeling structure
and in finding more image features than in either Gaussian mix-
ture models or standard independent component analysis (ICA)
algorithms.

Index Terms—Blind source separation, denoising, fill-in missing
data, Gaussian mixture model, image coding, independent com-
ponent analysis, maximum likelihood, segmentation, unsupervised
classification.

I. INTRODUCTION

M ODELING the statistical relations in images is an im-
portant framework for image processing and synthesis

algorithms [7], [10], [39]. In many applications a fixed rep-
resentation such as the Fourier transformation is assumed to
model a large number of different images. Image processing
techniques that use a more flexible model that is adapted to
the structure of the underlying data can achieve better results.
Adaptive techniques such as the principal component analysis
(PCA) approximate the intrinsic structure of image data up to
its second order statistics. The PCA representation has been
known to result in a compact representation when applied to
images of natural scenes [18]. Recently, several methods have
been proposed to learn image codes that utilize a set of linear
basis functions. Olshausen and Field [36] used a sparseness cri-
terion and found codes that were similar to localized and ori-
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ented receptive fields found in V1. Similar results were ob-
tained by Bell and Sejnowski [5] and Lewicki and Olshausen
[32] using the infomax ICA algorithm and a Bayesian approach
respectively. These result support Barlow’s proposal [3] that the
goal of sensory is to transform the input signals such that it
reduces the redundancy between the inputs. These recent ap-
proaches have in common that they try to reduce the information
redundancy by capturing the statistical structure in images that
is beyond second order information. Independent component
analysis (ICA) is a technique that exploits higher-order statis-
tical structure in data. This method has recently gained attention
due to its applications to signal processing problems including
speech enhancement, telecommunications and medical signal
processing. ICA finds a linear nonorthogonal coordinate system
in multivariate data determined by second- and higher-order sta-
tistics. The goal of ICA is to linearly transform the data such that
the transformed variables are as statistically independent from
each other as possible [4], [11], [14], [23], [25]. ICA generalizes
PCA and, like PCA, has proven a useful tool for finding struc-
ture in data.

In this paper, we are interested in finding statistically signifi-
cant structures in images. Images may be constructed by classes
of image types, such as text overlapping with natural scenes
or the natural scene itself may have diverse structures or tex-
tures such as trees and rocks. We model the underlying image
with a mixture model that can capture the different types of
image textures with classes. Each class is learned in an unsuper-
vised fashion and contains the statistical intrinsic structure of its
image texture. In a mixture model (see for example, [16]), the
observed data can be categorized into several mutually exclusive
classes. When the data in each class are modeled as multivariate
Gaussian, it is called a Gaussian mixture model. We generalize
this by assuming that the data in each class are generated by a
linear combination of independent, non-Gaussian sources, as in
the case of ICA. We call this model an ICA mixture model. This
allows modeling of classes with non-Gaussian structure, e.g.,
platykurtic or leptokurtic probability density functions. The al-
gorithm for learning the parameters of the model uses gradient
ascent to maximize the log likelihood function. We apply this
learning algorithm to to the problem of unsupervised classifica-
tion, segmentation and denoising of images.

This paper is organized as follows. We present the ICA mix-
ture model and show how to infer the parameters for this model.
Detailed derivations of the learning algorithm are in [24], [27],
and [29]. Section III shows how this method can be used to learn
codes for images of different types. Section IV uses the learned
codes to classify and segment individual images with complex
structure. Section V extends this model to denoising images and
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filling in missing pixels in images. Finally, Section VI relates
this methods to other algorithms and gives future directions of
this line of research.

II. ICA M IXTURE MODEL

Assume that the data are drawn
independently and generated by a mixture density model [16].

is the total number of data vectors and each data vector
is an -dimensional data vector where is assumed to be the
number of sensors. The likelihood of the data is given by the
joint density

(1)

The mixture density is

(2)

where are the unknown parameters for each
, called the component densities. denotes the

class and it is assumed that the number of classes,, are known
in advance. However, we can estimate the number of classes
with a Bayesian method using a split and merge algorithm
as described in [2]. Assume that the component densities are
non-Gaussian and the data within each class are described by

(3)

where is a scalar matrix1 and is the bias vector
for class . The vector is called the source vector2 (these are
also the coefficients for each basis function). Note that (3) shows
one way of ways for generating the data vector. Depending
on the values for there are ways for viewing .
However, we assume mutually exclusive classes and maximum
likelihood estimation results in one model that fits the data the
best.

It is assumed that the individual sources within each class
are mutually independent across a data ensemble. For simplicity,
we consider the case where the number of sources () is equal
to the number of linear combinations (). The motivation for
this equality is due to a simpler calculation of the learning rules
since an exact inverse exist for . In case of an over-
complete representation is required [33] which is computation-
ally quite burdensome and not necessary for our purpose. For

, there are ICA subspace methods [12], [21] which
require knowledge about the optimal subspace dimensionality
which is very application and data dependent.

Fig. 1 shows a simple example of a dataset describable by an
ICA mixture model. Each class was generated from (3) using
a different and . Class “o” was generated by two uni-
formly distributed sources, whereas class “+” was generated by
two Laplacian distributed sources ( ). The task
is to classify the unlabeled data points and to determine the pa-

1This matrix is called the mixing matrix in ICA papers and specifies the linear
combination of independent sources. Here, we refer toA as the basis matrix to
distinguish this from the word mixture in the mixture model.

2Note that we have omitted the data indext for s .

Fig. 1. Simple example for classifying an ICA mixture model. There are two
classes, “+” and “o”; each class was generated by two independent variables,
two bias terms and two basis vectors. Class “o” was generated by two uniformly
distributed sources as indicated next to the data class. Class “+” was generated
by two Laplacian distributed sources with a sharp peak at the bias and heavy
tails. The inset graphs show the distributions of the source variables,s , for
each basis vector.

rameters for each class, ( ) and the probability of each
class for each data point.

The iterative learning algorithm which performs gradient as-
cent on the total likelihood of the data in (2) has the following
steps.

• Compute the log-likelihood of the data for each class

(4)

where . Note that is implicitly modeled
for the adaptation of .

• Compute the probability for each class given the data
vector

(5)

• Adapt the basis functions and the bias terms for
each class. The basis functions are adapted using gradient
ascent

(6)

This gradient can be approximated using an ICA algo-
rithm, as shown below. The gradient can also be summed
over multiple data points. An approximate update rule was
used for the bias terms (see [27], [29], for an on-line up-
date version for and the derivations)

(7)

where is the data index ( ).
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The gradient of the log of the component density in (6) can be
approximated using an ICA model. There are several methods
for adapting the basis functions in the ICA model [4], [11], [14],
[21], [26]. One of the differences between the ICA algorithms
are the use of higher-order statistics such as cumulants versus
models that use a predefined density model. In our model, we are
interested in iteratively adapting the class parameters and mod-
eling a wider range of distributions. The extended infomax ICA
learning rule which is able to blindly separate unknown sources
with sub- and super-Gaussian distributions.3 This is achieved
by using a simple type of learning rule first derived by [20]. The
learning rule in [26] uses the stability analysis of [11] to switch
between sub- and super-Gaussian regimes

(8)

where is an dimensional diagonal matrix and are
elements in the diagonal that indicate if the sourceis sub-
Gaussian or super-Gaussian. The’s can be derived from the
generic stability analysis [26]. is called the filter
matrix. The adaptation of the source density parameters are the

’s [26]

(9)

The source distribution is super-Gaussian when and
sub-Gaussian when . For the log-likelihood estima-
tion in (4) the term can be approximated as follows:4

(10)

Super-Gaussian densities, are approximated by a density model
with heavier tail than the Gaussian density; sub-Gaussian den-
sities are approximated by a bimodal density [20]. This source
density approximation is adequate for most problems [26].5 The
extended infomax algorithm is used for finding the parameters
in Fig. 1. A continuous parameter is inferred that fits a wide
range of distributions.

When only sparse representations are needed, a Laplacian
prior [ ] can be used for the weight update,
which simplifies the infomax learning rule

Laplacian prior (11)

3A distribution that is more sharply peaked than a Gaussian around the mean
and has heavier tails are called super-Gaussians (leptokurtic distributions) and
a distribution with flatter peak such as a uniform distribution is called sub-
Gaussian (platykurtic distribution).

4The indicesk; i; t stand for class index, source index and time index. In case
of s , the source vector is estimated for classk and in case ofs the source
coefficienti is estimated for classk.

5Recently, we have replaced this with a more general density using an expo-
nential power distribution [27].

Fig. 2. Example of classification of a mixture of non-Gaussian densities, each
describable as a linear combination of independent components. There are four
different classes, each generated by two randomly chosen independent variables
and bias terms. The algorithm is able to find the independent directions (basis
vectors), bias vectors and the source density parameters for each class.

Note that the above adaptation rule is the learning rule that
we applied to learning the image features. The use of other ICA
algorithms is detailed in [24] and [29]. Although the Laplacian
prior was imposed on the coefficients, a more flexible prior such
as the generalized Gaussian density model [9], [27], [34], was
applied to the same data set. The results were very similar to the
results with the Laplacian prior ICA suggesting that enforcing
independence among the outputs yields in sparse source densi-
ties.

A. Unsupervised Classification Example

To demonstrate the performance of the learning algorithm, we
generated random data drawn from different classes and used
the proposed method to learn the parameters and to classify
the data. Fig. 2 shows an example of four classes in a two-di-
mensional data space. Each class was generated using random
choices for the class parameters. The parameters for the mix-
ture model were inferred using (4)–(7). For this example, the
density model parameters for each class were learned using the
extended infomax ICA in (8) and (9). For the implementation of
the ICA mixture model see Appendix A. The classification was
tested by processing each instance with the learned parameters

and . For this example, in which the classes had several
overlapping areas, the classification error on the whole data set
averaged over ten trials was % %. The Gaussian mix-
ture model used in AutoClass [38] gave an error of% %
and converged in all ten trials. For the-means (Euclidean dis-
tance measure) clustering algorithm, the error was 25.3%. The
classification error with the original parameters was 3.8%.

III. L EARNING EFFICIENT CODES FORIMAGES

Recently, several methods have been proposed to learn image
codes that utilize a set of linear basis functions. The generative
image model assumes a fixed set of basis functions and source
coefficients that activate the basis functions to generate a small
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Fig. 3. Example of natural scene and text image. The 12� 12 pixel image patches were randomly sampled from the images and used as inputs to the ICA mixture
model.

patch in the image. Olshausen and Field [36] used a sparseness
criterion imposed on the statistical structure of the sources and
found codes that were similar to localized and oriented recep-
tive fields. Similar results were presented by Bell and Sejnowski
[5] using the infomax ICA algorithm and by Lewicki and Se-
jnowski [30] using a Bayesian approach. By applying the ICA
mixture model we present results that show a higher degree of
flexibility in encoding the images. We used images of natural
scenes obtained from [36] and text images of scanned news-
paper articles. The data set consisted of 1212 pixel patches
( ) selected randomly from both image types. Fig. 3
illustrates examples of those image patches. For learning, the
means of the data components were subtracted and the compo-
nents were scaled to unit variance. This implies that there is no
need to estimate the bias vectors in case of the image applica-
tions presented here. Two complete set of basis functions
and were randomly initialized. Then, for each gradient in
(6), a step-size was computed as a function of the amplitude of
the basis vectors and the number of iterations. The algorithm
converged after iterations and learned two classes
of basis functions. Fig. 4 (top) shows the learned basis func-
tions corresponding to natural images. The basis functions show
Gabor-like6 structure as previously reported [5], [30], [36]. The
similarity to Gabor functions is very close and has been mea-
sured in [33]. However, the basis functions corresponding to text
images [Fig. 4 (bottom)] resemble bars with different lengths
and widths that capture the high-frequency structure present in
the text images. Note that unlike the case in-means clustering
or clustering with spherical Gaussians, the classes can be spa-
tially overlapping. In the example of the natural images and
newspaper text, both classes had zero mean and the pattern vec-
tors were only distinguished by their relative probabilities under
the different classes.

6A Gaussian modulated sinusoid.

IV. UNSUPERVISEDIMAGE CLASSIFICATION

AND SEGMENTATION

In the previous section, we applied the ICA mixture model
to learn two classes of basis functions for newspaper text im-
ages and images of natural scenes. The same approach can be
used to identify multiple classes in a single image. The learned
classes are mutually exclusive and by dividing the whole image
into small image patches and classifying them we can identify
a cluster of patches which encode a certain region or texture of
the image.

One example illustrates how the algorithm can learn tex-
tures in images by unsupervised classification and therefore is
able to segment the image into different classes. The example
shows the segmentation of a scanned page from a scientific
magazine. This page contains text with an image. In contrast
to supervised techniques [8] our method works unsupervised
and may be more flexible to a wider range of image types.
Fig. 5(a) shows the scanned page with a natural scene and text
overlapping with parts of the tree. Fig. 5(b) shows the classi-
fication result of the ICA mixture model for two classes using
image patches of size 8 8 pixels patches. The model classi-
fies foreground as one class and background as the other class.
Although one might expect that classifying text and the nat-
ural scene separately would be more efficient the model has
no prior information and classifies the image into background
and foreground. Fig. 5(c) shows the classification result of 8

8 pixel image patches this time each patch was shifted by
one pixel. The resolution is much higher than in Fig. 5(b) and
the three classes are background, natural scene and text. Due
to the high resolution, background within the text class are au-
tomatically segmented. Note that overlapping areas of text and
tree are classified as well. The learned basis functions for the
three classes reflect the different statistical structures for each
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Fig. 4. (Top) Basis function class corresponding to natural images. (Bottom) Basis function class corresponding to text images.

class. In some cases it misclassified the very dark region of the
tree as background since this region does not contain enough
texture information. To circumvent this problem in real appli-

cations, the model needs to average out the small individual
misclassified patches by taking a majority vote over the region
or averaging it over the classes.
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Fig. 5. (a) Example of a natural scene with text. (b) The classification of image patches (8� 8 pixels) shifted by eight pixels using the learned two sets of basis
functions. (c) The classification of image patches (8� 8 pixels) shifted by one pixel using the learned three sets of basis functions.

V. IMAGE ENHANCEMENT

The ICA mixture model provides a good framework for en-
coding different images types. The learned basis functions can
be used for denoising images and filling in missing pixels. Each
image patch is assumed to be a linear combination of basis func-
tions plus additive noise: . Our goal is to infer
the class probability of the image patch as well as the coeffi-
cients for each class that generate the image. Thus,is in-
ferred from by maximizing the conditional probability den-
sity as shown for a single class in Lewicki and
Olshausen [32]

(12)

(13)

where is the width of the Laplacian p.d.f. and is
the precision of the noise for each class. The inference model in
(13) computes the coefficients for each class , reconstructs
the image using , and computes the class proba-
bility . For signal-to-noise ratios above 20 dB the
mis-classification of image patches was less than 2%. However,
the error rate was higher when the noise variance was half the
variance of the signal.

To demonstrate how well the basis functions capture the
structure of the data we applied the algorithm to the problem
of removing noise in two different image types. In Fig. 6(a), a
small image was taken from a natural scene and a newspaper
text. The whole image was corrupted with additive Gaussian
noise that had half of the variance of the original image. The
Gaussian noise changes the statistics of the observed image
such that the underlying coefficientsare less sparse than the
original data. By adapting the noise level it is possible to infer
the original source density by using (13). The adaptation using

the ICA mixture model is better suited for this type of problem
than the standard ICA model because the ICA mixture model
allows to switch between different image models and therefore
is more flexible in reconstructing the image. In this example,
we used the two basis functions learned from natural scenes
and newspaper text. For denoising, the image was divided
into small 12 12 pixel image patch. Each patch was first
denoised within each class and than classified by comparing
the likelihood of the two classes. In some image processing
applications pixel values may be missing. This problem is
similar to the denoising problem and the ICA mixture model
can be used as a technique to solve this problem. In filling
in missing pixels, the missing information can be viewed as
another form of noise. Fig. 6 shows an example for denoising
and filling in missing pixels using our method and compared to
traditional methods.

VI. DISCUSSION

The algorithm for unsupervised classification presented here
is based on a mixture model using ICA to model the structure of
the classes. The parameters are estimated using maximum like-
lihood. This method is similar to other approaches including the
mixture density networks by Bishop [6] in which a neural net-
work was used to find arbitrary density functions. Our algorithm
reduces to the Gaussian mixture model when the source priors
are Gaussian. Purely Gaussian structure, however, is rare in real
data sets. Here we have used super-Gaussian and sub-Gaussian
densities as priors. These priors could be extended as proposed
by Attias [1]. Our model learned a complete set of basis func-
tions without additive noise. However, the method can be ex-
tended to take into account additive Gaussian noise and an over-
complete set of basis vectors [31], [33]. The structure of the ICA
mixture model is also similar to the mixtures of factor analyzers
proposed by Ghahramani and Hinton [19]. The difference here
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Fig. 6. (a) Original image, (b) noisy image (SNR = 13 dB), (c) results of the Wiener filtering denoising method (SNR = 15 dB), and (d) reconstructed image
using the ICA mixture model (SNR = 21 dB), (e) image with 50% missing pixels replaced with gray pixels (SNR = 7 dB), and (f) reconstructed image using
the ICA mixture model (SNR = 14 dB). The reconstruction by interpolating with splines was 11 dB.

is that the coefficient distribution and hence the distribu-
tion are assumed to be non-Gaussian. Another exten-
sion of this into modeling temporal information by Pennyet al.
[37] could be considered.

Note that the ICA mixture model is a nonlinear model in
which the data structure within each class is modeled using
linear superposition of basis functions. The choice of class,
however, is nonlinear because the classes are assumed to be
mutually exclusive. This model is therefore a type of nonlinear
ICA model and it is one way of relaxing the independence
assumption over the entire data set. The ICA mixture model
is a conditional independence model, i.e., the independence
assumption holds within only each class and there may be
dependencies among the classes. A different view of the ICA
mixture model is to think of the classes as an overcomplete
representation. Compared to the approach in [31] and [33],
the main difference is that the basis functions learned here are
mutually exclusive, i.e., each class used its own (complete) set
of basis functions.

We have demonstrated that the algorithm can learn effi-
cient codes to represent different image types such as natural
scenes and text images and was a significant improvement
over PCA encoding. Single class ICA models showed image
compression rates comparable to or better than traditional
image compression algorithms such as JPEG [32]. Using ICA
mixtures to learn image codes should yield additional improve-
ment in coding efficiency [29]. Here, we have investigated the
application of the ICA mixture model to the problem of un-
supervised classification and segmentation of images as well
as denoising, and filling-in missing pixels. Our results suggest
that the method is capable of handling the problems success-
fully. Furthermore, the ICA mixture model is able to increase
the performance over Gaussian mixture models or standard
ICA models when a variety of image types are present in the
data. In terms of increased image compression performance
we believe that switching between complete set of basis func-
tions where each set is optimally tuned toward the data will
improve the compression ratio for those trained specific data
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sets. Our future work will consider image compression results
on benchmark data compared with current image coding sys-
tems.

The unsupervised image segmentation results suggest that
our method can be used as a baseline method but for good
performance we need additional methods to cover the global
structure of the images. Therefore, unsupervised image seg-
mentation by discovering basis functions of image textures
only cannot be the sole solution to this difficult problem. Since
the segmentation technique presented here is based on the
classification of small image patches, the global information
of the image is not taken into consideration. The multireso-
lution problem may be overcome by including a multiscale
hierarchical structure into the algorithm or by reapplying the
algorithm with different scales of the basis functions and
combining the results. This additional process would smooth
the image segmentation and the ICA mixture model could
serves as a baseline segmentation algorithm. These results
need to be compared with other methods, such as those pro-
posed in [15] which measured statistical properties of textures
coded with a large-scale, fixed-wavelet basis. In contrast, the
approach here models image structure by adapting the basis
functions themselves in a chosen scale. It can therefore serve
as a baseline classification algorithm and then be extended
with traditional segmentation techniques that take into account
the global image information. We emphasize that our method
is based on density estimation and not texture synthesis. The
latter may produce good looking textures but may not be useful
for classification purposes which depends more on how well
the statistical structure of the images is described in [17]. Other
related works for image segmentation are described in [35].

The application of ICA for noise removal in images as well
as filling in missing pixels will result in significant improve-
ment when several different classes of images are present in the
image. Fax machines for example transmit text as well as im-
ages. Since the basis functions of the two image models are sig-
nificantly different [28] the ICA mixture model will improve in
coding and enhancing the images. The technique used here for
denoising and filling-in missing pixels was proposed in [32] and
[33]. The same technique can be applied to multiple classes as
demonstrated in this paper. The main concern of this technique
is the accuracy of the coefficient prior. A different technique for
denoising using the fixed point ICA algorithm was proposed in
[22] which may be intuitively sound but requires some tweaking
of the parameters. Other related works for image enhancement
is described in [13].

Another issue not addressed in this paper is the relevance
of the learned codes to neuroscience. The principle of redun-
dancy reduction for neural codes is preserved by this model
and some properties of V1 receptive fields are consistent with
recent observations [5], [32], [36]. It is possible that the visual
cortex uses overcomplete basis sets for representing images;
this raises the issue of whether there are cortical mechanisms
that would allow switching to occur between these bases de-
pending on the input.

In conclusion, the ICA mixture model has the advantage that
the basis functions of several image types can be learned si-
multaneously. Compared with algorithms that use one fixed set

Fig. 7. Unsupervised adaptation and classification using the ICA mixture
model: Adapt class parameters, classify, and separate data.

Fig. 8. Perform main adaptation loop: adapt the class parameters� for all
classes and all data vectors given the previously computed parameters.

of basis functions, the results presented here are promising and
may provide further insights in designing improved image pro-
cessing systems.

APPENDIX

IMPLEMENTATION OF THE ICA MIXTURE MODEL

Figs. 7 and 8 summarize the adaptation or training procedure
for the ICA mixture model. First, the all model parameters are
initialized for all classes. Second, data is sampled usually in
random order so that there is no correlation in time (unless it
is desired to have model correlation over time). The main part
of the algorithm is the adaptation of the class parameters, the
class probability adaptation and the estimation of the number
of classes. The latter estimation is optional and described in [2]
since the number of classes may be known in the application.
The class probability adaptation is averaging over the number of
data vectors belonging to that class and is essentially an average



278 IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 11, NO. 3, MARCH 2002

Fig. 9. Denoising procedure.

of (5) for each class. The adaptation loop is repeated until con-
vergence is achieved where convergence is measured in terms
of maximum likelihood. Practically, the adaptation is stopped
once the log-likelihood function stabilizes asymptotically with
increasing number of iterations. Note that this converges speeds
up significantly when new data is sampled randomly after each
loop.

Fig. 8 summarizes the main adaptation or training for the class
parameters. For each class, the source vectors are computed, the
probability of the source vector is estimated as in (10) or (11),
which in turn can be used to compute the likelihood function
in (4). Given these computations, the class probability can be
computed for all classes as in (5). The adaptation of the class
parameters are: the mixing matrix as in (6) or more specific
as in (8) and (11), the bias vector as in (7), and the pdf param-
eters for each source as in (9) or the exponential power function
in [27].

Fig. 9 summarizes the main steps in denoising image
patches. An image is divided into small patches. For each
patch and for all classes, the source vectors, the source
probability, the data likelihood, the class probability, the MAP
estimate for the sources and the projection onto the denoised
data vector are calculated given all the model parameters. The
denoised image patch with highest class probability given the
models and the noisy image patch is chosen as the denoised
image patch.
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