CHAPTER 8

Learning Internal Representations
by Error Propagation

D. E. RUMELHART, G. E. HINTON, and R. J. WILLIAMS

THE PROBLEM

We now have a rather good understanding of simple two-layer associ-
ative networks in which a set of input patterns arriving al an input layer
are mapped directly to a set of output patterns at an output layer. Such
networks have no hidden units. They involve only inpur and owiput
units. In these cases there is no internal representation. The coding pro-
vided by the external world must suffice. These networks have proved
useful in a wide variety of applications (cf. Chapters 2, 17, and .IE:!'
Perhaps the essential character of such networks is that they map simi-
lar input patterns to similar output patterns. This is what allows these
networks 1o make reasonable generalizations and perform rmsinnabl}r on
patterns that have never before been presented. The similarity of pat-
terns in a PDP system is determined by their overlap. The overlap in
such networks s determined outside the leaming system itself —by
whatever produces the patterns.

The constraint that similar input patterns lead to similar outputs can
lead to an inability of the system to leamn certain mappings fr!Jm input
o output, Whenever the representation provided by the outside world
is such that the similarity structure of the input and output patterns are
very different, a network without internal representations (ie., a

& LEARNING INTERNAL REPRESENTATIONS 319

network without hidden units) will be unable to perform the necessary
mappings. A classic example of this case is the exclusive-or (XOR)
problem illustrated in Table 1. Here we see that those patierns which
overlap least are supposed to generate identical output values. This
problem and many others like it cannot be performed by networks
without hidden units with which 1o create their own internal representa-
tions of the input patterns. [t is interesting to note that had the input
patterns contained a third input taking the value 1 whenever the first
two have value 1 as shown in Table 2, a two-layer system would be able
1o solve the problem.

Minsky and Papert (1969) have provided a very careful analysis of
conditions under which such systems are capable of carrying out the
required mappings. They show that in a large number of interesting
cases, networks of this kind are incapable of solving the problems. On
the other hand, as Minsky and Papert also pointed out, if there is a
layer of simple perceptron-like hidden units, as shown in Figure 1, with
which the original input pattern can be augmented, there is always a
recoding (i.e., an internal representation) of the input patterns in the
hidden units in which the similarity of the patterns among the hidden
units can support any required mapping from the input to the output
units. Thus, if we have the right connections from the input units o a
large enough set of hidden units, we can always find a representation
that will perform any mapping from input to output through these hid-
den units. In the case of the XOR problem, the addition of a feature
that detects the conjunction of the inpul units changes the similarity

TABLE 1
Input Patterns Ourput Patterns
L] = 0
0l — 1
{1} - 1
11 — [}
TABLE 2
Input Patterns Output Patterns
L)) — 0
010 — 1
100 _— 1
111 - 0
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Output Patterns

Input Patterns

FIGURE 1. A multilayer network. In this case the information coming 1o the input
units 15 recoded into an internal representation and ihe oulputs are generated by the inter-
nal representation rather than by the original pattern. Inpul pattems can always be
encoded, 1f there are enough hdden units, in a form so that the appropriate oulputl pat-
tern can be generated from any inpul patiemn.

structure of the patterns sufficiently to allow the solution to be learned.
As illustrated in Figure 2, this can be done with a single hidden unit.
The numbers on the arrows represent the strengths of the connections
among the units. The numbers written in the circles represent the
thresholds of the units. The value of +1.3 for the threshold of the hid-
den unit insures that it will be turned on only when both input units
are on, The value 0.5 for the outpul unit insures that it will turn on
only when it receives a net positive input greater than 0.5. The weight
of —2 from the hidden unit to the output unit insures that the output
unit will not come on when both input units are on. Note that from the
point of view of the output unit, the hidden unit is treated as simply
another input unit. It is as if the inpul patierns consisied of three
rather than two units.
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Input Units

FIGURE 2. A simple XOR network with one hidden unit. See text for explanation.

The existence of networks such as this illustrates the potential power
of hidden units and internal representations. The problem, as noted by
Minsky and Papert, is that whereas there is a very simple guaranteed
leaming rule for all problems that can be solved without hidden units,
namely, the perceptron convergence procedure (or the variation due
oniginally to Widrow and Hoff, 1960, which we call the deha rule: see
Chapter 11), there is no equally powerful rule for leaming in networks
with hidden units. There have been three basic responses to this lack.
One response is represented by competitive learning (Chapter 5) in
which simple wnsupervised learning rules are employed so that useful
hidden units develop. Although these approaches are promising, there
is no external force to insure that hidden units appropriate for the
required mapping are developed. The second response is to simply
assume an internal representation that, on some a prion grounds, seems
reasonable. This is the tack taken in the chapter on verb leaming
(Chapter 18) and in the interactive activation model of word perception
(McClelland & Rumelhart, 1981, Rumelhant & McClelland, 1982).
The third approach is to attempt to develop a learning procedure capable
of learning an internal representation adequate for performing the task
at hand. One such development is presented in the discussion of
_Bﬂltmmnn machines in Chapter 7. As we have seen, this procedure
involves the use of stochastic units, requires the network to reach
equilibrium in two different phases, and is limited to symmetric net-
works. Another recent approach, also employing stochastic units, has
been developed by Barto (1985) and various of his colleagues (cf. Barto
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& Anandan, 1985). In this chapter we present another allemative that
works with deterministic units, that involves only local computations,
and that is a clear generalization of the delta rule. We call this the gen-
eralized delta rule. From other considerations, Parker (1985) has
independently derived a similar generalization, which he calls fearning-
logic. Le Cun (1985) has also studied a roughly similar leaming
scheme. In the remainder of this chapter we first denve the general-
ized delta rule, then we illustrate its use by providing some results of
our simulations, and finally we indicate some further generalizations of
the basic idea.

THE GENERALIZED DELTA RULE

The learning procedure we propose involves the presentation of a set
of pairs of input and output patierns. The system first uses the input
vector to produce its own output vector and then compares this with
the desired ouwtput, or target vector. If there is no difference, no learning
takes place. Otherwise the weights are changed to reduce the differ-
ence. In this case, with no hidden units, this generates the standard
delta rule as described in Chapters 2 and 11. The rule for changing
weights following presentation of input/output pair p is given by

Apwy =ty = 0y) iy =By dy (1)

where 1,; is the target input for jth component of the output pattern for
pattern p, o, is the jth element of the actual output pattern produced
by the presentation of input pattern p, i, is the value of the jth ele-
ment of the input pattern, §,;=1£,.— 0, and A w; is the change 10 be
made to the weight from the ith to the jth unit following presentation
of pattern p.

The delta rle and gradient descent. There are many ways of deriv-
ing this rule. For present purposes, it is useful 1o see that for linear
units it minimizes the squares of the differences between the actual and
the desired output values summed over the output units and all pairs of
input/output vectors. One way to show this is to show that the deriva-
tive of the error measure with respect to each weight is proportional to
the weight change dictated by the delta rule, with negative constant of
proportionality, This corresponds to performing steepest descent on a
surface in weight space whose height at any point in weight space is
equal to the error measure. (Note that some of the following sections
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are written in italics. These sections constitute informal derivations of
the claims made in the surrounding text and can be omiited by the
reader who finds such derivations tedious.)

To be more specific, then, let
1 y
E, = Ez (ty — 05} !
i

be our measure of the error on Fw#nmpamrnpavﬂ-‘er.‘:=££, be our
overall measure of the error.  We wish to show thar the delta rufe implements a gra-
dient descent in E when the units are linear. We will proceed by simply showing

that
d
% _,
dw;
which is proportional lo A, Wy as prescribed by the defta rule. When there are no
hidden uRits i &5 straighiforward fo compute the relevant derivative.  For this purpose
we use the chain rule to write the derivative gs the product of iwo paris: the deriva-
tive of the error with respect 1o the outpur of the unit times the derieative of the ot
put with respect fo the weight.

aE, _ dE, do, 1
dwy do, dw;

The first part teflls how the error changes with the owipur of the fth wnit and the
second part tells how much changing wy; changes that output. Now, the derivartives
are easy o compute.  First, from Equation 7

aE f4)
aﬂ; e {l'ﬂ | GH] T 15,,.,-,

Not surprisingly, the contribution of unir Uy to the error is simply proportional to &,
Morgvver, since we have linear units,

O = ijr' fpi‘ 7]
]

Sfrom which we conclude thar

aw; = b
Thus, substituting back imto Equarion 3, we see that
3E,

T aw, = Bl (6)
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as desired.  Now, combining this with the observation that

3E _ 535

dwy S AWy

should lead us to conclude that the net change in Wy after one compilete cycle of par-
tern presemtations is proportional fo this derivative and hence that the delta rule
implements a gradient descent in E. In fact, this &5 sieictly true only { the values of
the weights are pot changed during this cyele. By changing the weights afier each
pattern is presented we depart fo some extent from a irue gradient descent in E.
Nevertheless, provided the learning rate (i.e., the consiant of proportionality) is suffi-
ciently small, this departure will be megligible and the delta rule will implerent @ very
close approximation 1o gradiemt descent in sumesquared error. In particular. with
small enough learning rate, the defra rule will find a ser of weights minimizing this
ervor_function.

The delta rule for semilinear activation functions in feedforward
networks. We have shown how the standard delta rule essentially
implements gradient descent in sum-squared error for linear activation
functions. In this case, without hidden units, the error surface is shaped
like a bowl with only one minimum, so gradient descent is guaraniged
to find the best set of weights. With hidden units, however, it is not so
obvious how (o compute the derivatives, and the error surface is not
concave upwards, so there is the danger of getting stuck in local
minima. The main theoretical contribution of this chapter is Lo show
that there is an efficient way of compuling the derivatives. The main
empirical contribution is to show that the apparently fatal problem of
local minima is irrelevant in a wide variety of learning tasks.

At the end of the chapter we show how the generalized delta rule can
be applied to arbitrary networks, but, to begin with, we confine our-
selves to layered feedforward networks. In these networks, the input
units are the bottom layer and the output units are the top layer. There
can be many layers of hidden units in between, but every unit must
send its output to higher layers than its own and must receive its input
from lower layers than its own. Given an input vector, the output vec-
tor is computed by a forward pass which computes the activity levels of
gach layer in turn using the already computed activity levels in the ear-
lier layers.

Since we are primarily interested in extending this result to the case
with hidden uniis and since, for reasons outlined in Chapter 2, hidden
units with linear activation functions provide no advantage, we begin by
generalizing our analysis to the set of nonlinear activation functions
which we call semilinear (see Chapter 2). A semilinear activation func-
tion is one in which the outpul of a unit is a nondecreasing and dif-
ferentiable function of the net total output,
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net,; = 3 W;0,;, (M

where o; = i; if unit { is an input unit. Thus, a semilinear activation
function is one in which

0y; = [ nety;) - (8)

and f is differentiable and nondecreasing. The generalized delta rule
works if the network consists of units having semilinear activation func-
tions, Notice that linear threshold units do not satisfy the requirement
because their derivative is infinite at the threshold and zero elsewhere.

To ger the correct generalization of the delta rule, we muss set
JE,
a“"ﬁ ;

.&Pwﬁ ® —

where E is the same sum-squared error function defined earlier. As in the standard
delta rule it is again useful to see this derivative as resulting from the product of two
parts: one part reflecting the change in error as a furction of the change in the net
input to the wnit and one part representing the effect of changing a particular weight
ont the net inpur.  This we can wrile

ok, - dE, dnel,; ()]
o w; dnet,, dw;
By Equation 7 we see that the second factor is

i nety; 3
awﬁ awﬁ% Ak Y pk Lo

ity

Now ler us defing

3L,

EFJ i ampj

{By comparing this to Equation 4. note that this is consisten with the definition of
8y; wsed in the original delta rule for linear units since 0,y = net,, when unit t; is
linear,) Equation 9 thus has the equivalent form

_JE,
dwy

This says that to implement gradient descent in E we should make our welght
changes according io

= 80y
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Just as in the stondard delta rule,  The rrick is ro figure our whart 8, shqu.l’dbefar
each unit iy in the network. The interesting result, which we mrw derive, s mhat
there is @ simple recursive computaiion of these §'s which can be implemented by
propagating ervor sigrals backward through the network,

To compute EH - _EIL' we apply the chain rule to write :.hrs partial deriva
tive as the product of two factors, one factor reflecting the change in error as a finc-

tign of the outpwt of the unit and one reflecting the change in the output as a furmc-
on of changes in the input,  Thus, we have

3E, 3, doy (12)

Tane; | @0, dner,
Let us compute the second factor. By Equation 8 we see that

By =

——— = [jnery),

ich is & Fuati shi tion f, for the jth umir,
:faﬂ:;’d e rnﬁ:p;g:; g ;ﬁ:: 5 T?mﬁm_fﬁejm factor, we con-
sider two cases.  First, assume that unit 1, is an owput wunit of the network.  In this
case, it follows from the definition of E, that
3E,
00y
which is the same resull as we oblgined with the standard delte rule.  Substituting
for the two factors in Eguation 12, we get

==ty — oy).

‘ 1
Bpy = 1y — 0y ) s (metyy) (13)

Jor any output unit ;. [ 4 is not an outpui unit we use the chain rule 1o write
dE, dnely 9E, 3§ 5 aE, -¥s
o Wi Opi™ Wiy = pic Wy -
%anﬂ‘# da, %ampt dap Zr W Bnety, k
In this case, substiuting for the rwo_factors in Equation 12 yields

whenever W; is not an output unit. Equations |3 and _M Eive @ recursive procedure
Sfov computing the &5 _for all umits in the network, nﬁmhmﬁnuﬁﬂmcm
the weight chariges in the nerwork according to Equation 11. T?uspromnfwecms:-‘-
tuies the generalized delta rule for a feedforward network of semilinear units,

These results can be summarized in three equations. First, the gen-
eralized delta rule has exactly the same form as the standard delta rule
of Equation 1. The weight on each line should be changed by an
amoun! proportional to the product of an error signal, 5, available to
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the unit receiving input along that line and the output of the unit send-
ing activation along that line. In symbols,

Ay Wy =By 0,

The other two equations specify the error signal. Essentially, the deter-
mination of the error signal is a recursive process which starts with the
output units. If a unit is an output unit, its error signal is very similar
1o the standard delta rule. It is given by

Bpi = (ty — 0, )f ' (ner,)

where f; (net,;) is the derivative of the semilinear activation function
which maps the total input to the unit to an output value, Finally, the
error signal for hidden units for which there is no specified target is
determined recursively in terms of the error signals of the units to
which it directly connects and the weights of those connections. That is,

Epl; -~ f :r {mm ]zk,ﬂjt ﬂ'h

whenever the unit is not an output unit.

The application of the generalized delta rule, thus, involves two
phases: During the first phase the input is presented and propagated
forward through the network to compute the output value 0, for each
unit. This output is then compared with the targets, resulting in an
error signal &,; for each output unit. The second phase involves a
backward pass through the network (analogous to the initial forward
pass) during which the error signal is passed to each unit in the nel-
work and the appropriate weight changes are made. This second, back-
ward pass allows the recursive computation of 5 as indicated above.
The first step is to compute & for each of the output units. This is sim-
ply the difference between the actual and desired output values times
the derivative of the squashing function. We can then compute weight
changes for all connections that feed into the final layer. After this is
done, then compute 5's for all units in the penultimate layer, This
propagates the errors back one layer, and the same process can be
repeated for every layer. The backward pass has the same computa-
tional complexity as the forward pass, and so it is not unduly expensive.

We have now generated a gradient descent method for finding
weights in any feedforward network with semilinear units. Before
reporting our results with these networks, it is useful 1o note some
further observations. It is interesting that not all weights need be vari-
able. Any number of weights in the network can be fixed. In this
case, error is still propagated as before; the fixed weights are simply not
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modified. It should also be noted that there is no reason why some
output units might not receive inputs from other output units in earlier
layers. In this case, those units receive two different kinds of error:
that from the direct comparison with the target and that passed through
the other output units whose activation it affects. In this case, the
correct procedure is to simply add the weight changes dictated by the
direct comparison to that propagated back from the other output units.

SIMULATION RESULTS

We now have a learning procedure which could, in principle, evolve
a set of weights to produce an arbitrary mapping from input to output.
However, the procedure we have produced is a gradient descent pro-
cedure and, as such, is bound by all of the problemns of any hill climb-
ing procedure—namely, the problem of local maxima or (in our case)
minima. Moreover, there is a question of how long it might take a sys-
tem to learn, Even if we could guarantee that it would eventually find
2 solution, there is the question of whether our procedure could learn
in a reasonable period of time. It is interesting to ask what hidden
units the systern actually develops in the solution of particular prob-
lems. This is the question of what kinds of internal representations the
system actually creates. We do not yet have definitive answers (o these
guestions, However, we have carried out many simulations which lead
us to be optimistic about the local minima and time questions and to be
surprised by the kinds of representations our learning mechanism dis-
covers. Before proceeding with our results, we must describe our simu-
lation system in more detail. In particular, we must specify an activa-
tion function and show how the system can compute the derivative of
this function.

A useful activation function. In our above derivations the derivative
of the activation function of umit w;, f',(met;), always played a role.
This implies that we need an activation function for which a derivative
exists. It is interesting to note that the linear threshold function, on
which the perceptron is based, is discontinuous and hence will not suf-
fice for the generalized delta rule. Similarly, since a linear system
achieves no advantage from hidden units, a linear activation function
will not suffice either. Thus, we need a continuous, nonlinear activa-
tion function. In most of our experiments we have used the logistic
activation function in which
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_ 1 (15)
Ori -{E w0, )
i

1+ ¢

where 8, is a bias similar in function to a threshold.! In order to apply
our Icarmr!g fule, we need to know the derivative of this function with
respect to its total input, net, , where net,; = ¥ w,0,,+ 8,. It is easy to
show that this derivative is given by

da,;
'ET'H%= ﬂmﬂ = ﬂpj}.
Thus, for the logistic activation function, the error signal, 85, for an
output unit is given by

By = (1 = 0y)0y (1 — gy,
and the error for an arbitrary hidden u, is given by

By = 0y (1 = anf}?ﬁﬂ Wi -

_ It should be noted that the derivative, o,, (1 — o,), reaches its max-
imum for g,; = (.5 and, since 0< 0,5 1, approaches its minimum as
Oy appfmr.hes zero or one. Since the amount of change in a given
weight is proportional to this derivative, weights will be changed most
for thgse units that are near their midrange and, in some sense, not vet
committed to being either on or off. This feature, we believe, contri-
butes to the stability of the learning of the system.

One other feature of this activation function should be noted. The
systern can not actually reach its extreme values of 1 or 0 without infin-
itely !argn weights. Therefore, in a practical learning situation in which
Ihetdmmd outputs are binary 0,1}, the system can never actually
achieve these values. Therefore, we typically use the values of 0.1 and
09 ast the targets, even though we will talk as if values of [0,1} are

The -"pami{rg rate. Our leaming procedure requires only that the
change in weight be proportional to dE,/aw. True gradient descent
requires that infinitesimal steps be taken, The constant of proportional-
ity is the learning rate in our procedure. The larger this constant, the
larger the changes in the weights.  For practical purposes we choose a

antelhurhsvdmnt’lltbiui-mnhelearmd' i weigh
_ : ; .8 Jjust like other . W
nmplrlmag-tlhm#; slheueiurr&ln:miﬂt'n:isahmsun.w = i
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learning rate that is as large as possible withoul leading to oscillation.
This offers the most rapid leamning. One way to increase the learning
rate without leading to oscillation is to modify the generalized delta rule
to include a momentum term. This can be accomplished by the follow-

ing rule:
Awyln+1) = nl5,0,) + ahw(n) (16}

where the subscript # indexes the presentation number, 7 is the learn-
ing rate, and & is a constant which delermines the effect of past weight
changes on the current direction of movement in weight space. This
provides a kind of momentum in weight space that effectively filters
out high-lrequency variations of the error-surface in the weight space.
This is useful in spaces containing long ravines that are characterized by
sharp curvature across the ravine and a gently sloping floor. The sharp
curvature tends to cause divergenl oscillations across the ravine. To
prevent these it is necessary 1o take very small steps, but this causes
very slow progress along the ravine. The momentum filiers out the
high curvature and thus allows the effective weight steps to be bigger.
In most of our simulations & was about 0.9. Our experience has been
that we get the same solutions by sefting a = 0 and reducing the size of
7. but the system leamns much faster overall with larger values of a
and 7.

Symmetry breaking. Our learning procedure has one more problem
that can be readily overcome and this is the problem of symmetry
breaking. [IF all weights start out with equal values and if the solution
requires that unequal weights be developed, the system can never learn.
This is because error is propagated back through the weights in propor-
tion to the values of the weights, This means that all hidden units con-
nected directly to the output inputs will get identical error signals, and,
gince the weight changes depend on the error signals, the weights from
those units to the output units must always be the same. The system is
starting out at a kind of local maximum, which keeps the weights equal,
but it is a maximum of the error function, so once it escapes it will
never return. We counteract this problem by starting the system with
small random weights. Under these conditions symmetry problems of
this kind do not anse.

The XOR Problem

It is useful to begin with the exclusive-or problem since it is the clas-
sic problem requiring hidden units and since many other difficult
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problems involve an XOR as a subproblem. We
problem many times and with a couple of exneptiunh: m&g
the system has always solved the problem, Figure 3 shows one of thx;
solutions to the problem. This solution was reached after 558 swee
th_mugh the four stirpulus pallerns with a learning rate of n=05 f:
this case, both the hidden unit and the output unit have pa.s.-mebm
50 they are on unless turned off. The hidden unit turns on if neither
input unit is on. When it i5 on, it turns off the output umit, The con-
nections from mput 10 output units arranged themselves su that the
Il}urin Drl: ;lhe uut;;;ti unit whenever both inputs are on. In this case th«e;?r
etwork has settled to a i ich 1 i i '
i fﬂuunn which is a sort of mirror image of the
We have taught the system to solve the XOR problem
times. Somelimes we have used a single hiddenpunit andh::':gdsmﬁf
nections to thg. output unit as illustrated here, and other limes we have
allowed two hidden units and set the connections from the input units
to the outputs to be zero, as shown in Figure 4. In only two cases has
the system encountered a Jlpegl minimurm and thus been unable to solve
the problem. Both cases involved the two hidden units version of the

@ Qutput Unit

-42 / | \42

AN
s o4l
7 %, Hidden Unit
g %
s - A
64 =
Input Units

FIGURE 3. Observed XOR network The i i ATOWwS
: ] ; rk. conneclion weights sre writien
m:-dtr:hmuemlenmmemm. Nm-pmﬁubismmlm::cl:ilam
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FIGURE 4. A simple architecture Tor solving XOR with two hidden units and no direct
connections from mpul 16 Gutpul.

problem and both ended up in the same local minimum. Figure 5
shows the weights for the local minimum. In this case, the system
correctly responds to two of the patterns—namely, the patterns 00 and
10. In the cases of the other two patterns 11 and 01, the output unit
gets a net input of zero. This leads to an output value of 0.5 for both
of these patterns. This state was reached after 6,587 presentations of
each pattern with n=0.25. 2 Although many problems require more
presentations for learning to occur, further trials on this problem
merely increase the magnitude of the weights but do not lead Lo any
improvement in performance. We do not know the frequency of such
local mumima, but our experience with this and other problems is that
they are quite rare. We have found only one other situation in which a
local minimum has occurred in many hundreds of problems of various
sorts. 'We will discuss this case below.

The XOR problem has proved a useful test case for a number of
other studies. Using the architecture illustrated in Figure 4, a student
in our laboratory, Yves Chauvin, has studied the effect of varying the

I If we set = 0.5 or above, the sysiem escapes this minimum. [n general, however,
the best way Lo avoid local minima is probably 1o use very small values of n.
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FIGURE 5 A network at a local minimum 1 i

. RE ; ! or the exclusiva-or problem, The dotted

::r?w :m :?gauue Tméwnme that whenever the right most inpul URit is on it
dden units. The weights connecting the hidden units 1o the ot

armanged so thal when both hidden units are oft, the oulput unil gets a net inpuyi :FL:;E

This leads 10 an outpat i
iy pat value of 0.5, In the other cases the network provides the cofred

number of hidden units and varying the learning rate i

the problem. Using as a learning criterion an erfur of ET:JIH;: ;lﬁ:e
Yves i_‘otmd that the average number of presentations Lo solve the j:rr::rl:-—1
if:n_'l with o = 0.25 varied from about 245 for the case with two hidden
units o abo_ul 120 presentations for 32 hidden units. The resulls can
be summarized by P = 280 — 33log;F, where P is the required
number of presentations and H is the number of hidden unijis
emPlpjrcd. Thus, the time to solve XOR is reduced linearly with the
logarithm of the number of hidden units. This result holds for values of
H up to abcu_ut 40 in the case of XOR. The general result that the time
to solution is {ﬁdu,:cd by increasing the number of hidden units has
I:n:em nbsmad in virtually all of our simulations. Yves also studied the
lime 1o solution as a function of learning rate for the case of eight hid-
den umits, He found an average of about 450 presentations with
7 = 0.1 to about 68 presentations with 1 = 0.75. He also found that
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leaming rates larger than this led to unstable behavior, However,
within this range larger learning rates speeded the learning substantially,
In most of our problems we have employed learning rates of % = 0.25
or smaller and have had no difficulty.

Parity

One of the problems given a good deal of discussion by Minsky and
Papert (1969) is the parity problem, in which the output required is 1 if
the input pattern contains an odd number of 1s and 0 otherwise. This
is a very difficult problem because the most similar patterns (those
which differ by a single bit} require different answers. The XOR prob-
lem is a parity problem with input patterns of size two. We have tried a
number of parity problems with patterns ranging from size two 1o eight.
Generally we have employed lavered networks in which direct connec-
lions from the input to the output units are not allowed, but must be
mediated through a set of hidden units. In this architecture, it requires
at least N hidden units to solve parity with patterns of length N. Fig-
ure 6 illustrates the basic paradigm for the solutions discovered by the
system. The solid lines in the figure indicate weights of +1 and the
dotted lines indicate weights of —1. The numbers in the circles
represent the biases of the units. Basically, the hidden units arranged

FIGURE 6. A paradigm for the solutions 1o the parily problem discovered by the learn.

ing system. See text for explanation,

8. LEARNING INTERNAL REPRESENTATIONS 335

themselves so that they count the number of inputs. In the diagram,
the one at the far left comes on if one or more input units are on, the
next comes on if two or more are on, etc. All of the hidden units
come on if all of the input lines are on. The first m hidden units come
on whenever m bits are on in the input pattern. The hidden units then
connect with altemately positive and negative weights. In this way the
net input from the hidden units is zero for even numbers and +1 for
odd numbers. Table 3 shows the actual solution attained for one of our
simulations with four input lines and four hidden units. This solution
was reached after 2,825 presentations of each of the sixteen patterns
with n = (L5. Note that the solution is roughly a mirror image of that
shown in Figure 6 in that the number of hidden units turned on is
equdl 10 the number of zero input values rather than the number of
ones. Beyond that the principle is that shown above. It should be noted
that the internal representation created by the learning rule is to
arrange that the number of hidden units that come on is equal to the
number of zeros in the input and that the particular hidden units that
come on depend only on the number, not on which input units are on.
This is exactly the sort of recoding reguired by parity. It is not the kind
of representation readily discovered by unsupervisad learning schemes
such as competitive learning.

The Encoding Problem

Ackley, Hinton, and Sejnowski (1985) have posed a problem in
which a set of orthogonal input patterns are mapped to a set of orthogo-
nal output patterns through a small set of hidden units. In such cases
the internal representations of the patterns on the hidden units must be
rather efficient. Suppose that we attempt to map N input patierns onto
N output patterns. Suppose further that log;N' hidden units are pro-
vided, In this case, we expect that the system will learn to use the

TABLE 3

Number of On Hidden Unit Oratpust
Input Units Pattems Value

0 - 111 — 0

1 — 1011 - 1

2 = 1010 - i}

3 — ] - 1

4 - i 1] - i}
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FIGURE 7. A network for solving the encoder problem. In this problem there are N
orthogonal input patterns each paired with one of N orthogonal outpun patterns. There
are only logy& hidden units. Thus, if the hidden units take on binary values, the hidden
unils must form a binary number 1o encode each of the input patterms. This s exactly
what the system learns to do.

hidden uniis to form a binary code with a distinet binary pattern for
each of the & input patterns. Figure 7 illustrates the basic architecturs
for the encoder problem. Essentially, the problem is to learn an encod-
ing of an N bit pattern into a log,N bit pattern and then learn to
decode this representation into the output pattern. We have presented
the system with a number of these problems. Here we present a prob-
lem with eight input patterns, eight output patterns, and three hidden
units. In this case the required mapping is the identity mapping illus-
trated in Table 4. The problem is simply to turn on the same bit in the

TABLE 4
Input Patterns Cutput Patterns
10000000 - 10000000
L0000 —= O 000000
00100000 = 00 100000
D001 0000 - Q0OL 0000
00001000 = (D001 000
Q0000100 - (0001 00
00000010 — Q0000010
0000001 == (000001
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output as in the input. Table 5 shows the mapping generated by our
learning system on this example. It is of some interest that the system
employed it5 ability to use intermediate values in solving this problem,
It could, of course, have found a solution in which the hidden units
ook on only the values of zero and one. Often it does just that, but in
this instance, and many others, there are solutions that use the inter-
mediate values, and the learning system finds them even though it has
a bias toward extreme values. It is possible to set up problems that
require the sysiem to make use of intermediate values in order to solve
a problem. We now turn to such a case.

Table 6 shows a very simple problem in which we have to convert
from a distributed representation over two units into a local representation
over four units. The similarity structure of the distributed input pat-
terns is simply not preserved in the local output representation,

We presented this problem to our learning systemn with a number of
constraints which made it especially difficult. The two input umits were
only allowed to connect to a single hidden unit which, in tum, was
allowed to connect to four more hidden units. Only these four hidden
units were allowed to connect to the four output units. To solve
this problem, then, the system must first convert the distributed

TABLE 5
Input Hidden Linit Osiput
Patterns Patierns Patterns
10000000 — S50 0 — 10000000
01000000 — O | 0 = 01000000
DOIOO0) — 1 1 0 = D0100000
00010000 — 1 1 I = (010000
00001000 — 0 1 1 — 00071000
00000100 — 5 0 1 = 0000 100
MW0oMm — 10 5 — D000
00000001 — 0 0 5 = DDOO01
TABLE &
Input Patterns Output Patterns
1] — 1000
m — 0100
10 - 1 ]
11 — 0001
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representation of the input patierns into various intermediate values of
the singleton hidden uwnit in which different activation values
correspond to the different input patterns. These continuous values
must then be converted back through the next layer of hidden units—
first to another distributed representation and then, finally, 10 a local
representation. This problem was presented to the system and it
reached a solution after 5,226 presentations with n = 0.05.3 Table 7
shows the sequence of representations the system actually developed in
order 1o transform the patierns and solve the problem. Note each of
the four input patterns was mapped onto a particular activation value of
the singleton hidden unit. These values were then mapped onto distri-
buted patterns at the next layer of hidden units which were finally
mapped into the required local representation at the output level. In
principle, this trick of mapping patterns into activation values and then
converting those activation values back into patterns could be done for
any number of patterns, but it becomes increasingly difficult for the
system Lo make the necessary distinctions as ever smaller differences
among activation values must be distinguished. Figure 8 shows the
network the system developed to do this job. The connection weights
from the hidden units to the output units have been suppressed for
clarity. (The sign of the connection, however, is indicated by the form
of the connection—e.g., dashed lines mean inhibitory connections),
The four different activation values were generated by having relatively
large weights of opposite sign. One input line turns the hidden unit full
on, one turns it full off. The two differ by a relatively small amount so
that when both tum on, the unit attains a value intermediate between 0
and 0.5. 'When neither turns on, the near zero bias causes the unit to
attain a value slightly over 0.5. The connections to the second layer of
hidden units is likewise interesting. When the hidden unit is full on,

TABLE 7
fnput Singleton Remaining Chutput
Fatterns Hidden Unit Hidden Units Patterns
[} -_— 0 = 1110 = oMo
11 — 2 - 1100 = ool
00 - i - 5300 3 — 1000
[} — 1 - 069 1 == 0100

# Relatively small lcarning rates make units employing intermediate values easier 1o
oblain.
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Input
Units

FIGURE 8. The network illustrating the use of intermediate values in solving a problem.
Sec text for explanation.

the right-most of these hidden units is turned on and all others turned
off. When the hidden unit is turned off, the other three of these hid-
den units are on and the left-most unit off. The other connections
from the singleton hidden unit 1o the other hidden units are graded so
that a distinct patiern is turned on for its other two values. Here we
have an example of the flexibility of the learning system.

Our experience is that there is a propensity for the hidden units to
take on extreme values, but, whenever the leaming problem calls for it,
they can learn to take on graded values. It is likely that the propensity
Lo take on extreme values follows from the fact that the logistic is a sig-
moid so that increasing magnitudes of its inputs push it toward zern or
one. This means that in a problem in which intermediate values are
required, the incoming weights must remain of moderate size. It is
interesting that the derivation of the generalized delta rule does not
depend on all of the units having identical activation functions. Thus,
It would be possible for some units, those required to encode informa-
lon in a graded fashion, to be linear while others might be logistic.
The linear unit would have a much wider dynamic range and could
encode more different values. This would be a useful role for a linear
unit in a network with hidden units.







































