CHAPTER S

Feature Discovery by Competitive Learning

D. E. RUMELHART and D. ZIPSER

This chapter reports the results of our studies with an unsupervised
learning paradigm that we call competitive learning. We have examined
competitive learning using both computer simulation and formal
analysis and have found that when it is applied to parallel networks of
neuron-like elements, many potentially useful learning tasks can be
accomplished. We were attracted to competitive learning because it
seems to provide a way to discover the salient, general features which
cann be used to classify a set of patterns. The basic components of the
competitive learning scheme are:

& Slart with a sel of units that are all the same except for some
randomly distributed parameter which makes each of them
respond slightly differently to a set of input patterns.

® Limit the "strength”™ of each unit.

¢ Allow the units lo compete in some way for the right to
respond o a given subset of inputs.

The net result of correctly applying these three components to a learn-
ing paradigm is that individual units learn to specialize on sets of
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similar patterns and thus become *feature detectors” or "patiern classif-
iers® In addition to Frank Rosenblati, whose work will be discussed
below, several others have exploited competitive learning in one form
or another over the vears. These include von der Malsburg (1973),
Grossberg (1976), Fukushima (1975), and Kohonen (1982). Our
analyses differ from many of these in that we focus on the develop-
ment of feature detectors rather than pattern classification. We address
these issues further below.

One of the central issues in the study of the processing capacities of
neuron-like elements concerns the limitations inherent in a one-level
system and the difficulty of developing learning schemes for multi-
layered systems. Competitive learning is a scheme in which important
features can be discovered at one level that a multilayer system can use
to classify pattern sets which cannot be classified with a single level
sysiem.

Thirty-five years of experience have shown that getting neuron-like
elements to lean some easy things is often quite straightforward, but
designing systems with powerful general learning properties is a difficult
problem, and the competitive learning paradigm does not change this
fact. What we hope to show is that competitive learning is a powerful
strategy which, when used in a variety of situations, greatly expedites
some difficult tasks. Since the competitive learning paradigm has roots
which go back to the very beginnings of the study of artificial learning
devices, it seems reasonable to put the whole issue into historical per-
spective. This is even more to the point, since one of the first simple
learning devices, the perceptron, caused great furor and debate, the
reverberations of which are still with us.

In the beginning. thirty-five or forty years ago, il was very hard 10
see how anything resembling a neural network could learn at all, so any
examnple of learning was immensely interesting. Learning was elevated
to a slatus of great importance in those days because it was somehow
uniquely associated with the properties of animal brains. After
McCulloch and Pitts (1943) showed how neural-like networks could
compute, the main problem then facing workers in this area was 1o
understand how such networks could learn.

The first set of ideas that really got the enterprise going were con-
tained in Donald Hebb’s Organization of Behavior (1949). Before Hebb's
work, it was believed that some physical change must occur in a net-
work to support learning, but it was not clear what this change could
be. Hebb proposed that a reasonable and biologically plausible change
would be to strengthen the connections between elements of the nel-
work only when both the presynaptic and postsynaptic units were active
simultaneously. The essence of Hebb's ideas still persists today in
many learning paradigms. The details of the rules for changing weight
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may be different, but the essential notion that the strength of connec-
tions between the units must change in response 1o some function of
the Ddc:lnmlated activity of the connected units still dominates learning
models,

Hebb's ideas remained untested speculations about the nervous sys-
tem until it became possible to build some form of simulated network
to test learning theories. Probably the first such attempt occurred in
1951 when Dean Edmonds and Marvin Minsky built their leamning
machine. The flavor of this machine and the milien in which it
operated is captured in Minsky's own words which appeared in a
wonderful New Yorker profile of him by Jeremy Bernstein (1981):

In the summer of 1951 Dean Edmonds and I went up to
Harvard and built our machine. It had three hundred tubes and
a lot of motors. It needed some automatic electric clutches,
which we machined ourselves. The memory of the machine
was stored in the positions of its control knobs, 40 of them,
and when the machine was learning, it used the clutches to
adjust its own knobs, We used a surplus gyropilot from a B24
bomber to move the clutches. (p. 69)

This machine actually worked and was so fascinating to watch that
Minsky remembers:

We sort of quit science for awhile to watch the machine. We
were amazed that it could have several activities going on al
once in this little nervous system. Because of the random
wiring it had a sort of fail safe characteristic. If one of the
neurons wasn't working, it wouldn't make much difference and
with nearly three hundred tubes, and the thousands of
connections we had soldered there would usually be something
wrong somewhere. . . . | don't think we ever debugged our
machine completely, but that didn’t matter. By having this
crazy random design it was almost sure to work no matter how
you built it. (p. 69)

In fact, the functioning of this machine apparently stimulated Minsky
sufficiently to write his PhD thesis on a problem related o leaming
(Minsky, 1954). The whole idea must have generated rather wide
interest; von Neumann, for example, was on Minsky's PhD committee
and gave him encouragement. Although Minsky was perhaps the first
on the scene with a leaming machine, the real beginnings of meaning-
ful neuron-like network learning can probably be traced to the work of
Frank Rosenblatt, a Bronx High School of Science classmate of
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Minsky's. Rosenblatt invented a class of simple neuron-like learning
networks which he called perceptrons. In his book, Principles of Netro-
dynamics (1962), Rosenblatt brought together all of his rqulLs on per-
ceptrons. In that book he gives a particularly clear description of what
he thought he was doing:

Perceptrons are not intended to serve as detailed copies n;' any
actual nervous system. They're simplified networks, damgneld
to permit the study of lawful relationships between the organi-
zation of a nerve nel, the organization of its environment, and
the "psychological” performances of which it is capable. Per-
ceptrons might actually correspond o parls of more extended
networks and biological systems; in this case, the results
obtained will be directly applicable. More likely they represent
extreme simplifications of the central nervous system, in which
some properties are exaggerated and others suppressed. ln this
case. successive perturbations and refinements of the system
may vield a closer approximation. ] :

The main strength of this approach is that it permits mean-
ingful questions to be asked and answered about _wﬂmular
types of organizations, hypothetical memory mechanisms. and
neural models. When exact analytical answers are unobtgmahle.
experimental methods, either with digital simulation or
hardware models, are employed. The model 15 not lhe_ lenﬂlqal
result, but a starting point for exploratory analysis of its
behavior. (p. 28)

Rosenblatt pioneered two techniques of l‘und:_arf'rcntal importance 1o !he
study of learning in neural-like networks: digital computer simulation
and formal mathematical analysis, although he was not the first o
simulate neural networks that could learn on digital computers (ef.
Farley & Clark, 1954).

Since the paradigm of competitive learning uses concepls lhal_ appear
1 the work of Rosenblatt, it is worthwhile reviewing some of his ideas
in this area. His most influential result was the "perceptron leaming
theorem™ which boldly asserts:

Given an elementary «-perceptron, & stimulus wof!d W, and
any classification C(W) for which a solution exisls: let all
siimuli in W occur in any Ssequence, pmwdu:] that each
stimulus must reoccur in finite time; then beginning from an
arbitrary initial state, an error correction procedure will always
yield a solution to C (W) in finite time, . . . (p. 596)
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As it turned out, the real problems arose out of the phrase *for which a
solution exists”—more about this later,

Less widely known is Rosenblait’s work on what he called *spontane-
ous learning” All network leaming models require rules which tell how
to present the stimuli and change the values of the weights in accor-
dance with the response of the model. Thase rules can be characterized
as forming a spectrum, at one end of which is learning with an error-
correcting teacher, and at the other is completely spontaneous, unsu-
pervised discovery. In between is a continuum of rules that depend on
manipulating the content of the input stimulus stream o bring about
learning., These intermediate rules are often referred to as "forced
learning.” Here we are concerned primarily with attempts to design a
perceptron Lhat would discover something interesting without a teacher
because this is similar to what happens in the competitive learning case.
In fact, Rosenblatt was able to build a perceptron that was able to spon-
taneously dichotomize a random sequence of input patterns into classes
such that the members of a single class were similar to each other, and
different from the members of the other class. Rosenblatt realized that
any randomly initialized perceptron would have lo dichotomize an arbi-
trary inpul pattern stream into a "1-set” consisting of those patterns
that happened to produce a response of 1, and a "0-set,” consisting of
those that produced a response of 0. Of course one of these sets could
be empty by chance and neither would be of much interest in general.
He reasoned that if a perceptron could reinforce these sets by an
appropriale rule based only on the perceplron’s sponlaneous response
and not on a teacher’s error correction, it might eventually end up with
a dichotomization in which the members of each set were more like
each other than like the members of (he opposile set. What was the
appropriate rule Lo use to achieve the desired dicotomization? The first
rule he tned for these perceptrons, which he called C-type, was 1o
increment weights on lines active with patterns in the 1-set, and decre-
ment weights on lines active with patterns in the 0-set. The idea was to
force a dichotomization into sets whose members were similar in the
sense thal they activated overlapping subsets of lines. The results were
disastrous. Sooner or later all the input patterns were classified in one
set. There was no dichotomy but there was stabilitv. Once one of the
sets won, it remained the victor forever.

Mot to be daunted, he examined why this undesirable result occurred
and realized that the problem lay in the fact that since the weights
could grow without limit, the set that initially had a majority of the pat-
terns would receive the majority of the reinforcement, This meant that
weights on lines which could be activated by patterns in both sets would
grow to infinite magnitudes in favor of the majority sel, which in turn
would lead to the capture of minority paiterns by the majority set and
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ultimate 1otal victory for the majority. Even where there was initial
equality between the sets, inevitable fluctuations in the random presen-
tation of patterns would create a majority set that would then go on to
win. Rosenblatt overcame this problem by introducing mechanisms to
limit weight growth in such a way that the set that was (o be p:::s;ilivcly
reinforced at active lines would compensate the other set by giving up
some weight from all its lines. He called the modified perceptrons i)
An example of a €' rule is to lower the magnitude of all weights by a
fixed fraction of their current value before specifically incrementing the
magnitude of some of the weights on the basis of the response to an
input pattern. This type of rule had the desired result of making an
equal dichotomy of palterns a stable rather than an unstable state. Pat-
terns in each of the sets were similar to each other in the sense that
they depended on similar sets of input lines to produce a response. In
Rosenblatt’s initial experiment, the main feature of similanty was not
so much the shape of the patterns involved, but their location on the
retina. That is, his system was able to spontaneously leam something
about the geometry of its input line arrangement. Later, we will exam-
ine this important property of spontaneous geometry learning in consid-
erable detail. Depending on the desired learning task, it can be either a
boon or a nuisance.

Rosenblatt was extremely enthusiastic about his spontaneous learning
results. In fact, his response can be described as sheer ecstasy. To see
what he thought about his achievements, consider his claim
(Rosenblatt, 1959):

It seems clear that the class C' perceptron introduces a new
kind of information processing automaton: For the first time,
we have a machine which is capable of having original ideas.
As an analogue of the biological brain, the perceptron, more
precisely, the theory of statistical separability, seems to come
closer to meeting the requirements of a functional explanation
of the nervous system than any system previously proposed.
(p. 449)

Although Rosenblait’s results were both interesting and signiﬁcm:n.. the
claims implied in the above quole struck his contemporaries as
unfounded. What was also significant was that Rosenblatt appeared to
be saying that the type of spontaneous learning he had demonstrated
was a properly of perceptrons, which could not be replicated by ordi-
nary computers. Consider the following quote from the same source:

Mamm.itmﬂds&mﬂmmepequnhu
established, beyond doubt, the feasibility and principle of
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non-human systems which may embody human cognitive func-
tions al a level far beyond that which can be achieved through
present day automatons. The future of information processing
devices which operale on statistical, rather then logical princi-
ples seems to be clearly indicated. {p. 449)

[t is this notion of Rosenblatt*s—that perceptrons are in some way
superior to computers—that ignited a debate in artificial intelligence
that had significant effects on the development of neural-like network
models for both learning and other cognitive processes. Elements of
the debate are still with us today in arguments about what the brain can
do that computers can’t do. There is no doubt that this was an impor-
tant issue in Rosenblatt’™s mind, and almost certainly contributed to the
acrimonious debate at that time. Consider the following statement by
Rosenblatt made at the important conference on Mechanization of
Thought Processes back in 1959:

Computers seem to share two main functions with the brain:
(a) Decision making, based on logical rule, and (b) control,
again based on logical rules. The human brain performs these
functions, together with a third: interpretation of the environ-
ment, Why do we hold interpretation of the environment to be
s0 important? The answer, 1 think, is to be found in the laws
of thermodynamics. A system with a completely self contained
logic can never spontaneously improve its ability to organize,
and to draw valid conclusions from information. (Rosenblatt,
1959, p. 423)

Clearly in some sense, Rosenblatt was saying that there were things
that the brain and perceptrons, because of their statistical properties,
could do which computers could not do. Now this may seem strange
since Rosenblatt knew that a compuler program could be written that
would simulate the behavior of statistical perceptrons to any arbitrary
degree of accuracy. Indeed, he was one of the pioneers in the applica-
tion of digital simulation to this type of problem. Whal he was actually
referring to is made clear when we examine the commenits of other par-
ticipants at the conference, such as Minsky (1959) and McCarthy
(1959), who were using the symbol manipulating capabilities of the
computer 1o directly simulate the logical processes involved in decision
making, theorem proving, and other intellectual activities of this sort.
Rosenblatt believed the computer used in this way would be inadequate
to mimic the brain’s true intellectual powers. This task, he thought,
could only be accomplished if the computer or other electronic devices
were used to simulate perceptrons. We can summarize these divergent
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points of view by saying that Rosenblatt was concerned not only with
what the brain did, but with how it did it, whereas others, such as Min-
sky and McCarthy, were concerned with simulating what the brain did,
and didn’t really care how it was done. The subsequent history of Al
has shown both the successes and failures of the standard Al approach.
We still have the problems today, and it’s still not clear to what degree
computational strategies sirmlar to the ones used by the brain must be
employed in order to simulate its performance.

In addition to producing fertilizer, as all debates do, this one also
stimulated the growth of some new results on percepirons, some of
which came from Minsky. Rosenblatt had shown that a iwo layer per-
ceptron could carry out any of the 2*" possible classifications of N
binary inputs; that is, a solution to the classification problem had always
existed in principle. This result was of no practical value however,
because 2¥ unils were required to accomplish the task in the com-
pletely general case. Rosenblatt’s approach to this problem was 10 use a
much smaller number of units in the first layer with each unit con-
nected to a small subset of the N inputs at random. His hope was that
this would give the perceptron a high probability of learning to carry
out classifications of interest. Experiments and formal analysis showed
that these random devices could learn to recognize patterns to a signifi-
cant degree but that they had severe limitations. Rosenblatt (1962)
characterized his random perceptron as follows:

It does not generalize well to similar forms occurring in new
positions in the retinal field, and its performance in detection
experiments, where a familiar figure appears against an
unfamiliar background, is apt to be weak. More sophisticated
psychological capabilities, which depend on the recognilion of
topological properties of the stimulus field, or on abstract rela-
tions between the components of a complex image, are lacking.
{pp. 191-192)

Minsky and Papert worked through most of the sixties on a mathemati-
cal analysis of the computing powers of perceptrons with the goal of
understanding these limitations. The results of their work are available
in a book called Perceptrons (Minsky & Papert, 1969). The central
theme of this work is that parallel recognizing elements, such as per-
ceplrons, are beset by the same problems of scale as senal pattern
recognizers. Combinatorial explosion catches you sooner of later,
although sometimes in different ways in parallel than in serial. Minsky
and Papert’s book had a very dampening effect on the study of
neurcn-like networks as computational devices. Minsky has recently
come to reconsider this negative effect:
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1 now believe the book was overkill. . . . 5o after being irritated
with Rosenblatt for overclaiming and diverting all those people
along a false path, I started to realize that for what you gst out
of it —the kind of recognition it can do—it i$ such a simple
machine that it would be astonishing il nature did not make use
of it somewhere. (Bernstein, 1981, p. 103)

Perhaps the real lesson from all this is that it really is worthwhile trying
to put things in perspective.

Once the problem of scale has been understood, networks of
neuron-like elements are often very useful in practical problems of
recognition and classification. These networks are somewhat analogous
to computers, in that they won’t do much unless programmed by a
clever person. nelworks, of course, are not 50 much programmed as
designed. The problem of finding networks of practical size to solve a
particular problem is challenging because relatively small changes in
network design can have very large effects on the scale of a problem.
Consider networks of neuron-like units that determine the parity of
their N binary inputs (see Figure 1). In the simple percepirons studied
by Minsky and Papert, units in the first layver output 1 only if all their
inputs are 1 and output 0 otherwise. This takes 2 units in the first
layer, and a single linear threshold unit with a fan-in of 2¥ in the
second layer, to determine parity. I the units in the first layer are
changed to linear threshold elements, then only N of them are
required, but all must have a fan-in of N. If we allow a multilayer net-
work 1o do the job, then aboul 3N unils are needed, bul none needs a
fan-in of more than 2. The number of layers is of order log,N. The
importance of all this to the competitive learning paradigm, or any
other for that matter, is that no network can learn what it is not capable
of doing in principle. What any particular network can do is dependent
on its structure and the computational properties of its component ele-
ments. Unfortunately, there is no canonical way to find the best net-
work or o determine what it will learn, so the whole enterprise still has
much of the flavor of an experimental science.

THE COMPETITIVE LEARNING MECHANISM
Paradigms of Learning

It is possible 10 classify learning mechanisms in several ways. One
useful classification is in terms of the learning paradigm in which the
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® Auto Associator. In this paradigm a set of patterns are repeat-

A B edly presented and the system is supposed to "store” the pat-

terns. Then, later, parts of one of the original patterns or pos-

sibly a pattern similar to one of the original patterns is

presented, and the task is to "retrieve” the original pattern

through a kind of pattern completion procedure. This is an

autc-association process in which a pattern is associated with

itself so that a degraded version of the original pattern can act
as a retrieval cue.

<
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qb ® Patern Associgtor, This paradigm is really a variant on the

auto-association paradigm. A set of pairs of pallerns are repeal-

edly presented. The system is to learn that when one member

of the pair is presented it is supposed to produce the other. In

this paradigm one seeks a mechanism in which an essentially

arbitrary set of input patterns can be paired with an arbitrary set
of output patterns.

()
o

® Classification Paradigm. The classification paradigm also can be
considered as a wvariant on the previous learning paradigms,
although the goals are sufficiently different and it is sufficiently
common that it deserves separate mention. In this case, there
is a fixed set of categories into which the stimulus patterns are
to be classified. There is a training session in which the system
is presented with the stimulus pattemns along with the calegories

D
1 & to which each stimulus belongs. The goal is to leamn to
1 | 'P T > P correctly classify the stimuli so that in the future when a partic-

¢

1 / ular stimulus or a slightly distorted wversion of one ol the
— 1 stimuli is presented, the system will classify it properly. This is
1 the typical paradigm in which the perceptron is designed 1o
operate and in which the percepiron convergence theorem is
FIGURE 1. A: Parity network from Minsky and Papert (1969). Each ¢ unit has an out- proved.
put of 1 only il all of its inputs are 1. £ is 3 lingar threshold unit with threshold of 0. i.e.,
like all the other linear threshold wnits in the fgure, it fires only when the sum of s : = F . .
weighted inputs is greater than the threshold. T o il (he mgu networks signal odd ® Regularity Detector. In this paradigm there is & population ;’j
layers of Gnear threshold umits, C Three-unit network for determining the parity of a with some probability p,- The system is supposed to discover
pair of inputs. [ Two-dayer network using the subnetwork described in (). In general, statistically salient features of the input population. Unlike the
the number of P-units is of order N and the number of layers is of order log,V, classification paradigm, there is no a priori set of calegones into

which the patterns are to be classified: rather, the syslem musl
develop itls own featural representation of the input stimuli
which captures the most salient features of the population of
input patterns.

model is supposed to work. There are at least four common learning
paradigms in neural-like processing systems:

Competitive learning is a mechanism well-suited for regularity detec-
tion, as in the environment described in above.
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Competitive Learning

The architecture of a competitive learning system (illustrated in Fig-
ure 2) is a common one. It consists of a set of hierarchically layered
units in which each layer connects, via excitatory connections, with the
layer immediately above it. In the most general case, each unil of a
layer receives an input from each unit of the layer immediately below
and projects output to each unit in the layer immediately above it.
Moreover, within a laver, the units are broken into a set of inhibitory
clusters in which all elements within a cluster inhibit all other elements
in the cluster. Thus the elements within a cluster at one level compete
with one another to respond lo the pattern appearing on the layer
below. The more strongly any particular unil responds to an incoming
stimulus, the more it shuts down the other members of its cluster.

There are many variations on the competitive learning theme. A
number of researchers have developed variants of competitive learning
mechanisms and a number of results already exist in the literature. 'We
have already mentioned the pioneering work of Rosenblait. In addi-
tion, von der Malsburg (1973), Fukushima (1975), and Grossberg
(1976), among others, have developed models which are competitive
learning models, or which have many properties in common with com-
petitive learning. We believe that the essential properties of the com-
petitive learning mechanism are quite general. However, for the sake
of concreteness, in this paper we have chosen to study, in some detail,
the simplest of the systems which seem to be representative of the
essential characteristics of competitive learning. Thus, the system we
have analyzed has much in common with the previous work, but wher-
ever possible we have simplified our assumptions. The system that we
have studied most 15 described below:

# The units in a given layer are broken into a set of nonoverlap-
ping clusters. Each unit within a cluster inhibits every other
unit within a cluster. The clusters are winner-lake-all, such
that the unit receiving the largest input achieves ils maximum
value while all other units in the clusier are pushed to their
minimum value.! We have arbitrarily set the maximum value
1o 1 and the minimum value to 0.

1 A simple circuit for achieving this result is anained by having each unit activate itself
and inhibit its neighbors. Grossberg (1976) employs just such a network 1o cheose the
maximum value of a set of units.
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Layer 3
Inhibitory Clusters

Excitatory
Connections

Layer 2
Inhibitory Clusters

Excitatory
Connections

Layer 1
Input Units

INPUT PATTERN

FIGURE 2. The architecture of the competitive learning mechanism. Competiive bearm-
ing takes place in 2 context of sets of hietarchically layered units. Units are represented
in the diagram as dots. Units may be active or inective. Active units are represented by
filled dots, inactive ones by open dots. In general, a unit in a given layer can receive
inputs from all of the units in the next lower layer and can project outputs to all of the
umits in 1he next higher layer. Connections belween layers are exclatlory and connections
within layers are inhibitory. Each layer consists of a set of clusters of mutually mbibitory
units, The wnits within a cluster inhibit one another in such a way that only one unit per
cluster may be active. 'We think of the configuration of active units on any given layer as
representing the inpul pattern for the next higher level There can be an arbitrary
number of such lavers. A given duster contains a fixed number of wnits, but different
clusters can have different numbers of units,



164  BASIC MECHANISMS

® Every element in every cluster receives inputs from the same
lines.

e A unit leams if and only if it wins the competition with other
units in its cluster.

® A stimulus pattemn §, consists of a binary pattern in which sach
element of the pattern is either gctive or inactive. An active ele-
ment is assigned the value 1 and an inactive element is
assigned the value 0.

® Fach unit has a fixed amount of weight (all weights are posi-
tive) which is distributed among its input lines. The weight on
the line connecting unit i on the lower (or input) layer to unit j
on the upper laver, is designated ;. The fixed total amount of
weight for unit j is designated 3w, = 1. A unit leams by

i
shifting weight from its inactive to its active input lines, If a
unit does not respond 10 a particular pattern, no learning takes
place in that unit. If a unit wins the competition, then each of
its input lines give up some proportion g of its weight and that
weight is then distributed equally among the active input lines. ?
More formally, the learning rule we have studied is:

0 if unit § loses on stimulus k

Aw; =

L z = .
gn—* — gw;  if unit j wins on stimulus k
k

where ¢, is equal to 1 if in stimulus pattern §;. unit  in the
lower layer is active and zero otherwise, and n; is the number
of active units in pattern 5, (thus m, = Z_,.-:,,‘}.

Figure 3 illustrates a useful geometric analogy to this system. We
can consider each stimulus pattern as a vector. If all patterns contain
the same number of active lines, then all vectors: are the same length
and each can be viewed a5 a point on an A-dimensional hypersphere,

2 This learning rule was proposed by von der Malsburg (19731, As Grossberg (19760
points out, refhormalization of the weights is not necessary. The same result can be
obizined by normalizing the input patterns and then assuming that the weights approach
the values on the input fines. Mormalizing weights is simpler 1o implement than normal-
izing pasterns, so we chose that option.  For most of our experiments, however, it does
nol matier which of these two rules we chose since all pattems were of the same
magnitude, S
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FIGURE 3. A geometric interpretation of competitive learning. A: It is useful 1o concep-
tualize sumulus pamems as vectors whose ups all e on the surface of a hypersphere, 'We
can then directly see the similarity among stimulus paiterns as distance between the
points on the sphere. In the figure, a sumulus patiem s represented a5 an x, The figure
represents a population of eight stimulus patterns. There are two custers of threse pat-
terns and [wo stimulus patterns which are rather disting from the others. B It is also
useful to represent the weighis of units a8 veciors falling on the surface of the same
hypersphere. Weight vectors are represented in the figure aso’s. The figure illustrates
the wesghts of two undts falling on rather different pans of the sphere. The response rule
of this model is equivalent to the rube that whenever a stimulus pattern is pressnted, the
unit whose weight vector i3 dosest to that stimulus patiern on the sphere wins the com-
peution. In the figure, one unit would respond 1o the custer in the northern hemisphere
and the other unit would respond fo the rest of the stimulus patiemns. C The learning
rule of this model i roughly equivalent 1o the rule that whenever 2 unit wins the com-
petition (i.e.. is closest to the stimolus pattern), that weight vector is moved toward the
presenied stimulus. The figure shows a case in which there are three units in the cluster
and three natural groupings of the sumulus panerns. In this case, the weight vectors for
the three units will each migrate toward ong of the stimulus groups.

where N is the number of units in the lower level, and therefore, also
the number of input lines received by each unit in the upper level.
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Fach % in Figure 3A represents a particular pattern, Those patierns
that are very similar are near one another on the sphere; those that are
very different will be far from one another on the sphere. Now nole
that since there are N input lines to each unit in the upper layer, its
weights can also be considered a vector in N-dimensional space. Since
all units have the same total quantity of weight, we have N-dimensional
vectors of approximately fixed length for each unit in the cluster, 3
Thus, properly scaled, the weights themselves form a set of vectors
which (approximately) fall on the surface of the same hypersphere. In
Figure 3B, the o's represent the weights of two units superimposed on
the same sphere with the stimulus patterns. Now, whenever a stimulus
pattern is presenied, the unit which responds most strongly is simply
the one whose weight vector is nearest that for the stimulus. The
learning rule specifies that whenever a unit wins a competition for a
stimulus pattern, it moves a percentage g of the way from its current
location toward the location of the stimulus pattern on the hypersphere.
Now, suppose that the input pattens fell into some number, M,
"natural” groupings. Further, suppose that an inhibitory cluster receiv-
ing inputs from these stimuli contained exactly M units (as in Figure
3C). After sufficient training, and assuming that the stimulus group-
ings are sufficiently distinct, we expect to find one of the vectors for
the M units placed roughly in the center of each of the stimulus group-
ings. In this case, the units have come to detect the grouping to which
the input patterns belong. In this sense, they have "discovered” the
structure of the input pattern sets,

Some Features of Competitive Learning

There are several characteristics of a competitive learning mechanism
that make it an interesting candidate for further study, for example:

® Each cluster classifies the stimulus sel into M groups, one for
each unit in the cluster. Each of the units captures roughly an
equal number of stimulus patterns. It is possible to consider a
cluster as forming an M-ary feature in which every stimulus
pattern is classified as having exactly one of the M possible

3 It should be noled that this peomelric inlerprelation is ooly roximate, We have
used the constraint that 3w, = 1 rather than the constraint that ¥, w = 1. This latter

P
constraint would ensure that all vectors are in fact the same length, 'i}ur assurnption only
sssures that they will be approximately the same length.
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values of this feature. Thus, a cluster containing 2 units acts as
a binary feature detector, Ome element of the cluster responds
when a particular feature is present in the stimulus pattern, oth-
erwise the other element responds.

# [f there is striicture in the stimulus patterns, the units will break
up the patterns along structurally relevant lines. Roughly
speaking, this means that the system will find clusters if they
are there. (A key problem, which we address below, is specify-
ing the mature of the structure that this system discovers.)

® [f the stimuli are highly structured, the classifications are highly
stable. If the stimuli are less well-structured, the classifications
are more wvariable, and a given stimulus pattern will be
responded to first by one and then by another member of the
cluster. In our experiments, we started the weight vectors in
random diractions and presented the stimuli randomly. In this
case, there is rapid movement as the system reaches a relatively
stable configuration (such as one with a unit roughly in the
center of each cluster of stimulus patterns). These configura-
tions can be more or less stable. For example, if the stimulus
points don’t actually fall into nice clusters, then the configura-
tions will be relatively unstable, and the presentation of each
stimulus will modify the pattern of responding so that the sys-
tem will undergo continual evolution. On the other hand, if
the stimulus patterns fall rather nicely into clusters, then the
system will become very stable in the sense that the same units
will always respond to the same stimuli *

® The particular grouping done by a particular cluster depends on
the starting value of the weights and the sequence of stimulus
patterns actually presented. A large number of clusters, each
receiving inputs from the same input lines can, in general, clas-
sify the inputs inte a large number of different groupings, or
alternatively, discover a variety of independent features present
in the stimulus population. This can provide a kind of coarse
coding of the stimulus pattems_*

4 Grossberg (1976) has addressed this problem in his very similar system, He has

prowed that if the patierns are suificiently sparse. and/or when Lthere are enough units in
the cluster, then a system such as this will find a perfecily stable classification. He also
points oyt that when these conditions don't hold, the cassificaton can be unsiable, Mosi
of our work is with cases in which there 5 so perfectly stable dassificanon and the
number of patlerns is much larger than the number of units in the inhdbitory clusters.
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Formal Analysis

Perhaps the simplest mathematical analysis that can be given of the
competitive leamning model under discussion involves the determination
of the sets of eguilibrium states of the system—that is, states in which
the average inflow of weight to a particular line is equal to the average
outflow of weight on that line. Let p, be the probability that stimulus
S, is presented on any trial. Let v be the probability that unit j wins
when stimulus S, is presented. Now we want to consider the case in
which ¥ Aw, v, = 0, that is, the case in which the average change in

k

the weights is zero. We refer to such states as equilibrium states. Thus,
using the learning rule and averaging over stimulus patlerns we can
write

Cik
0= g3, — PV — 22 Wi Py Vi
k T K

which implies that at equilibrium

Py C Vi
PRy, vyl i o
and thus

P g Vi
2"

W, = 5
4 Eﬂt Vi
i

There are a number of important observations to note about this equa-
tion. First, note that X.p; v is simply the probability that unit j wins

* -
averaged over all stimulus patterns. Note further that . pycy vy is the
k

probability that input line 7 is active and unit j wins. Thus, the ratio
2Pk Cik Vi ’
JIT is the conditional probability that line i is active given unit j

¥k
k

5 There is 2 problem in that ome can’t be certain that the different clusters will discover
different features. A shight modification of the system in which clusters “repel”™ one
another can insure that different clusters find different features, We shall not porsoe that
further in this paper.
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wins, p(line, = 1|unit; wins). Thus, if all pattems are of the same
size, i.e., m; = n for all k, then the weight w; becomes proportional to
the probability that line i is active given unit j wins. That is,

w, =L p(line, = 1| unit, wins).

We are now i a position to specify the response, at equilibrium, of
unit j when stimulus 5, 1s presented. Let ay be the input to unil j in
the face of stimulus §;. This is simply the sum of weights on the active
input lines, This can be written

kaf:vjk
k

o — Wl = O —Sem—
A ‘E:I fi Ej:'dl qu‘i

k

which implies that at equilibrium
AN
I

'&_H' - T.vj

i
where r; represents the overlap between stimulus [ and stimulus i,

n=y f":"" . Thus, at equilibrium a unit responds most strongly to
k Il

patterns that overlap other patterns to which the unit responds and
responds most weakly to patterns that are far from patterns to which it
responids. Finally, it should be noted that there is another set of
restrictions on the value of v, — the probability that unit j/ responds to
stimulus 5, . In lact, the competitive leaming rule we have studied has
the further restriction that

l l‘.'!_m :"ﬂm fﬂra]l lr:_f
Vie =| 0 otherwise.

Thus, in general, there are many solutions to the equilibrium egquations
described above. The competitive leaming mechanisms can only reach
those equilibrium states in which the above-stated relationships
between the v, and the a; also hold.

Whenever the system is in a state in which, on average, the weighis
are not changing, we say that the system has reached an eguilibvivm
state. In such a state the values of a; become relatively stable, and
therefore, the values of v, become stable. When this happens, the sys-
tem always responds the same way (o a particular stimulus patiern.
However, it is possible that the weights will be pushed out of







































